Abstract. We prove that the restriction of any absolutely irreducible representation of Steinberg's triality groups 3 D 4 ðqÞ in characteristic coprime to q to any proper subgroup is reducible.
Introduction
Finite primitive permutation groups have been studied since the pioneering work of Galois and Jordan on group theory; they have had important applications in many di¤erent areas of mathematics.
If G is a primitive permutation group with a point stabilizer M then M is a maximal subgroup. Thanks to work of Aschbacher, O'Nan, Scott [2] , and of Liebeck, Praeger, Saxl, and Seitz [18] , [19] , most problems involving such a group G can be reduced to the case where G is a finite classical group. In this case, Aschbacher's theorem [1] describes all possible choices for the maximal subgroup M of G. Work of Kleidman and Liebeck [16] and others essentially reduces the question of whether a subgroup M from this list is indeed maximal in G to the following problem. Problem 1. Let F be an algebraically closed field of characteristic l. Classify all triples ðK; V ; HÞ where K is a finite group with K=ZðKÞ almost simple, V is an FK-module of dimension greater than one, and H is a proper subgroup of K such that the restriction V j H is irreducible.
Our main focus is on the case where K is a finite group of Lie type in characteristic not equal to l. In the case when K is of type A, Problem 1 has been solved recently in [17] . On the other hand, the case where K is an exceptional group of type G 2 , 2 B 2 , or 2 G 2 was settled in [21] .
The main result of this paper is the following: Theorem 2. Let G ¼ 3 D 4 ðqÞ and let F be any irreducible representation of G in characteristic l coprime to q. If H is any proper subgroup of G and degðFÞ > 1, then Fj H is reducible.
In the case of complex representations, Theorem 2 was proved by Saxl [22] .
Basic reduction
Given a finite group X , we denote by d l ðX Þ and m l ðX Þ the smallest and largest degrees of absolutely irreducible representations of degree greater than one of X in characteristic l; furthermore, let m C ðX Þ ¼ m 0 ðX Þ. From now on, F stands for an algebraically closed field of characteristic l, and q is a power of a prime p. If w is a complex character of X , we denote byŵ w the restriction of w to l-regular elements of X . By IBr l ðX Þ we denote the set of irreducible l-Brauer characters, or the set of absolutely irreducible FX -representations, depending on the context. First we record a few well-known statements.
Lemma 3. Let K be a finite group. Suppose that V is an irreducible FK-module of dimension greater than 1, and H is a proper subgroup of K such that the restriction V j H is irreducible. Then
Lemma 4 ( [14, p. 190] ). Let K be a finite group and H be a normal subgroup of K. Let w A IrrðKÞ and y A IrrðHÞ be a constituent of w H . Then wð1Þ=yð1Þ divides jK=Hj.
Lemma 5. Let K be a simple group and V an absolutely irreducible FK-module of dimension greater than 1. Suppose that H is a subgroup of K such that V j H is irreducible. Then ZðHÞ ¼ C K ðHÞ ¼ 1.
In the following theorem, we use results and notation of [15] .
Theorem 6 (Reduction theorem). Let G ¼ 3 D 4 ðqÞ and let j be an irreducible representation of G in characteristic l coprime to q. Suppose that jð1Þ > 1 and M is a maximal subgroup of G such that jj M is irreducible. Then M is G-conjugate to one of the following groups: Since a is prime and a 0 2; 3, we have a d 5. It follows that
It is well known that we have
Here C G ðMÞ C s 0 1, contradicting Lemma 5.
By Lemma 4,
From [23] , we have
It is easy to check that 2:
It is easy to check that 2: 
Therefore if degðjÞ ¼ 25 then jj M is reducible.
We have m C ðMÞ c jSL 2 ð3Þj ¼ 24. Since
We have m C ðMÞ c 4 < d l ðGÞ. The theorem is proved. r 3 Restrictions to G 2 (q) and to 3 D 4 ( ffiffi ffi q p )
In this section we handle two of the maximal subgroups singled out in Theorem 6. Theorem 7. Let M F G 2 ðqÞ be a subgroup of G ¼ 3 D 4 ðqÞ and j A IBr l ðGÞ be of degree greater than 1. Then jj M is reducible.
Proof. Assume the contrary, that jj M is irreducible. By Lemma 3, we have jð1Þ < ffiffiffiffiffiffiffiffi jMj p < q 7 . We will identify the dual group G Ã with G. By the fundamental result of Broué and Michel [3] , j belongs to a union E l ðG; sÞ of l-blocks, labeled by a semisimple l 0 -element s A G. Moreover, by [13] [6] for instance. Since jð1Þ < q 7 , it follows that s ¼ 1, i.e. j belongs to a unipotent block. According to [15] , M ¼ C G ðtÞ for some (outer) automorphism t of order 3 of G. Furthermore, the degrees of all complex irreducible characters of G are listed in [6] . An easy inspection reveals that G has a unique irreducible character of degree cð1Þ for every unipotent character c A IrrðGÞ. It follows that every unipotent (complex) character of G is t-invariant.
Next we show that j is also t-invariant. First consider the case where q is odd. Then [8, Corollary 6.9] states that the l-modular decomposition matrix of G has a lower unitriangular shape. In particular, this implies that j is an integral linear combination ofĉ c, with c A EðG; 1Þ, the set of unipotent characters of G. But each such c is t-invariant, whence j is t-invariant. Now assume that q is even. Then l 0 2, and so it is a good prime for G, and l does not divide jZðGÞj, where G is the simple, simply connected algebraic group of type D 4 . Hence, by the main result of [9] , fĉ c j c A EðG; 1Þg is a basic set of Brauer characters of E l ðG; 1Þ. It follows that j is an integral linear combination ofĉ c, with c A EðG; 1Þ, and so it is t-invariant as above.
Consider the semidirect productG Proof. Again assume the contrary. We consider a long-root parabolic subgroup P ¼ q 2þ16 Á SL 2 ðq 6 Þ Á Z q 2 À1 of G, which also contains a long-root parabolic subgroup P H ¼ q 1þ8 Á SL 2 ðq 3 Þ Á Z qÀ1 of H. It is well known that V j Z a¤ords all of the non-trivial linear characters l of the long-root subgroup Z :¼ ZðP 0 Þ (which is elementary abelian of order q 2 ), and the corresponding eigenspaces V l are permuted regularly by the torus Z q 2 À1 . Let U ¼ q 2þ16 denote the unipotent radical of P and consider any such l. Then IBr l ðUÞ contains a unique representation (of degree q 8 ), on which Z acts via the character l. Moreover, since P 0 =U F SL 2 ðq 6 Þ has trivial Schur multiplier and is perfect, this representation of U extends to a unique representation of P 0 , which we denote by E l . By Cli¤ord theory, the P 0 -module V l is isomorphic to E l n A for some A A IBr l ðP 0 =UÞ. Suppose that A contains a non-trivial composition factor, as a SL 2 ðq 6 Þ-module. Then dimðAÞ d ðq 6 À 1Þ=2. It follows that
On the other hand, the irreducibility of V j H implies that dimðV Þ < ffiffiffiffiffiffiffi jHj p < q 14 ;
contradicting (1) . Thus all composition factors of A are trivial. In particular, the P 0 -module V l contains a simple submodule which is isomorphic to E l . Notice that we can embed P H in P in such a way that Z contains Z H :¼ ZðP 0 H Þ (a long-root subgroup in H, which is elementary abelian of order q), and U contains the unipotent radical U H ¼ q 1þ8 of P H . Now choose l such that Z H c KerðlÞ. Then it is easy to see that E l j U H is just the regular representation, whence the subspace L of U H -fixed points in it is one-dimensional, and, since U H p P (ii) Let j A IBr l ðQÞ be an irreducible Brauer character of Q whose kernel does not contain U. If q is odd, assume in addition that j is faithful. Then j lifts to a complex character w of Q. Moreover, w is also faithful if j is faithful.
Proof. (i) Since O r ðQÞ; U p Q and O r ðQÞ V U ¼ 1, any element g A O r ðQÞ is centralized by U, which has order q 11 . Thus q 11 divides jC Q ðgÞj. Assuming g 0 1, we see by [10] and [12] that g is Q-conjugate to the long-root element u ¼ x 3aþ2b ð1Þ. But then g is a p-element, a contradiction. Hence O r ðQÞ ¼ 1.
(ii) Let l be an irreducible constituent of jj U , and let I denote the inertia group of l in Q. By Cli¤ord theory, j ¼ Ind Q I ðcÞ for some c A IBr l ðI Þ whose restriction to U contains l. Since p 0 l, we may view l as an ordinary character of U. By our assumption, l 0 1 U . The structure of I =U is described in [10] , [12] . In particular, if 2jq, then I =U is always solvable. On the other hand, if q is odd, then I =U is solvable, except for one orbit, the kernel of any character in which however contains a longroot element x 3aþ2b ð1Þ (in the notation of [10] ). Recall that we are assuming that j is faithful if q is odd. It follows that in either case I =U is solvable, and so I is solvable. By the Fong-Swan Theorem, c lifts to a complex character r of I . Hence j lifts to the complex character w :¼ Ind Q I ðrÞ. Now assume that j is faithful but K :¼ KerðwÞ is non-trivial; in particular, l 0 0. If K is not an l-group, then K contains a non-trivial l 0 -element g. Since jðgÞ ¼ wðgÞ ¼ wð1Þ ¼ jð1Þ, we see that j is not faithful, a contradiction. Hence K is an l-group, and so O l ðQÞ 0 1, contradicting (i). r Proof. First suppose that M ¼ P, the long-root parabolic subgroup of G. Then the statement follows from [24, Theorem 1.6]. So we may assume that M ¼ Q, the other maximal parabolic subgroup of G. Also assume the contrary: jj Q is irreducible.
We will consider two particular long-root elements u ¼ x 3aþ2b ð1Þ and v ¼ x b ð1Þ of Q, in the notation of [10] , [11] , [12] . Clearly, they are conjugate in G, so jðuÞ ¼ jðvÞ. By Lemma 9, jj Q lifts to a complex irreducible character w of Q which is also faithful. Since u and v are l 0 -elements, we have jðuÞ ¼ wðuÞ and jðvÞ ¼ wðvÞ. It follows that wðuÞ ¼ wðvÞ:
Note that Z :¼ ZðO p ðQÞÞ ¼ X 3aþ2b X 3aþ3b has order q 2 , and consists of the q 2 À 1 Q-conjugates of u and 1. Thus Q acts transitively on Znf1g and on IrrðZÞnf1 Z g. Since KerðwÞ ¼ 1, we conclude that wðuÞ ¼ Àwð1Þ=ðq 2 À 1Þ. First consider the case when q is odd. Then u, resp. v, belongs to the Q-conjugacy class c 1; 1 , resp. c 1; 2 , in the notation of [10] . According to [10] , the faithful character w must be w j ðkÞ with 16 c j c 20. If j ¼ 16 or 17, then wðvÞ is explicitly computed in [10] , and one sees that (3) Next we consider the case when q is even. Then u, resp. v, belongs to the Qconjugacy class c 1; 1 , resp. c 1; 7 , in the notation of [12] . According to [12] , the faithful character w must be one of w j ðkÞ, 14 c j c 16. If j ¼ 14 or 15, then wðuÞ is explicitly computed in [12] , and one sees that (3) 16 ðkÞ is the character of Q which is induced from the following linear character of the subgroup X b X aþb X 2aþb X 3aþb X 3aþ2b :
where f 0 is a linear character of the additive group of F q 3 restricting non-trivially on 
where t is a generator of the multiplicative group F 
